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A phenomenological thermodynamic model of ferroelectric nanowires is developed to investigate
the size-temperature phase diagrams. Considering existence of the surface tension, size, and external
applied stress effects, the approximated expressions of the transition temperatures at which the
paraelectric phase loses its stability with respect to the appearance of the spontaneous polarization
are derived. At the same time, the size-temperature phase diagrams as functions of the ferroelectric
nanowire radius are obtained, and also show its external mechanical stress controllability. © 2010
American Institute of Physics. �doi:10.1063/1.3446854�

Nanostructures of ferroelectrics with different shape are
experiencing a rapid surge of interest due to their potential
usefulness in applications.1–8 Recently, properties of ferro-
electric nanostructures, including ferroelectric nanowire
�FNW� and nanotube �FNT�, have been theoretically and ex-
perimentally studied. Results have indicated that their prop-
erties are very sensitive to size and surface effects.9–19

It is well known that the “misfit strain-temperature”
�MST� phase diagrams of the ferroelectric thin film �FTF�
have been calculated by Pertsev et al.17 using the modified
Gibbs free energy. Considering size effects on phase dia-
grams, Morozovska et al.18 gave analytical expressions for
the phase diagrams of an epitaxial FTF. Based on the phase
field model, Chen et al.19 also developed the MST phase
diagrams and domain structures of the thick FTF, Ma et al.20

predicted the MST phase diagrams as function of the FTF
thickness. It is noted that phase-transition characteristics of
FNW should also be very much affected as functions of its
size. Thus, the corresponding “size-temperature” �S-T� phase
diagrams, which describe the relationship between the di-
mension of FNW and phase-transition temperatures, are very
important in practical application involving FNWs. In this
paper, we report an analytic model based on the Landau–
Ginzburg–Devonshire �LGD� equation, which can be used
for calculation of the S-T phase diagram as functions of the
FNW sizes and external applied stress.

In the LGD equation, the spontaneous polarization P
= �P1 , P2 , P3� is chosen as the order parameters. The total
polarization field has two components, the spontaneous po-
larization P and induced polarization PE which can be as-
sumed to be linearly proportional to the electric field,21–24

i.e., PE=�bE, where �b are the background dielectric sus-
ceptibilities. In terms of the spontaneous polarization, the
electric displacement field D can be written as D=�0E+PE

+P=�0E+�bE+P. For considering enough to predict prop-
erties of ferroelectric materials under the mechanical
stresses, a polynomial of expansion for bulk materials has
been employed. Taking into account to the effect of the me-

chanical stresses, the well-known Gibbs expression function
can be written as,17
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where �i, �ij, and �ijk are the dielectric stiffness coefficients.
�i are the stress components. sij are the elastic coefficients.
Qij are the electrostrictive coefficients.

In this work, we consider a FNW with length and radius
denoted by h and R, respectively, as shown in Fig. 1, which
is assumed to be sandwiched between two perfect metals
with the short circuit boundary conditions. Taking into ac-
count effects of the electrical and mechanical boundary
conditions, the gradient and surface energies cannot be
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FIG. 1. �Color online� Schematic illustration of �a� the ABO3 unit cell with
compressive stresses along x and y directions and tensile stresses along z
direction and �b� FNW with the surface tension effects and external applied
stresses.
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neglected, which have been discussed in many literatures.4–15

Here the gradient energy density can be written as
�Ggrad=1 /2DijPi,jPi,j, Dij are the gradient energy
coefficients.19,20 The surface free energy Gsurf is supposedly
proportional the square of polarization on the surface.7–13 For
a FNW, the length is much larger than its radius, so we can
neglect
the upper and bottom surface effects and only consider sur-
face effect of FNW’s sidewall. Then the surface energy ac-
quires the form as Gsurf=2�R�−h/2

h/2 ��D11 /�1�P1
2 �r=R,z

+ �D22 /�2�P2
2 �r=R,z+ �D44 /�3�P3

2 �r=R,z�dz, here �i are the
so-called extrapolation length.7,8,10,11 The depolarization field
along z directions can be estimated by Ed3�−��P3−qe� /�b,
where qe is the compensation charge density at electrodes, �
can be estimated using the relation ��1 / �1+ �h /2R�2�. In
the case of a FNW, i.e., h	R, the corresponding value of �
is about equal to zero, thus justifying the neglect of the de-
polarization field Ed3 in the present work.7,8 Moreover,
the depolarization fields Ed1 and Ed2 in the x-y plane should
also exist for appearance of P1 and P2 polarization compo-
nents due to the finiteness of FNW, and can be obtained by
using the electrostatic equilibrium equation � ·D=� · ��bEd

+P�=0.21–24 For FNW with the stable x-y plane polarization,
the polarization components will exhibit a quasiaxisymmet-
ric radial distribution in the x-y plane of FNW, which have
been verified by molecular dynamic simulations and first
principle calculations.25,26 So we also neglect the effective
influence of the x-y plane depolarization fields in following
calculations.

According to recent investigations,3,7–9 the surface layers
of FNW can induce a compressive stress on the inner part. In
order to study effect of this compressive stress on properties
of FNW, stresses components in LGD is substituted by this
compressive stresses, coefficients in LGD equation can be
renormalized.3,7–11 Based on the discussions about the renor-
malized coefficients of the LGD-type free energy density, we
established an modified LGD equation taking into account
effects of size and surface tension of FNW, and which ex-
pressions can be written as,
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where �1
� and �3

� are dependent on the surface tension, exter-
nal stress, and surface energy effects, and can be given by
�1

�=�0�T−Tc0�+ �Q11+Q12��
 /R�−Q12�z+ �K1 /R2� and �3
�

=�0�T−Tc0�+2Q12�
 /R�−Q11�z+ �K2 /R2�,7,11,17,27 where �s

is the uniform compressive radial stress induce by the sur-
face tension, given by �s=−
 /R and 
 is the effective sur-
face tension coefficient. �z is the external applying stress
along z direction. K1 and K2 are coefficients determined by
the gradient energy, surface effect and radius of FNW.7,10,11

The studies in this paper are only conducted for BaTiO3
�BTO� FNW which have been fabricated and implemented
recently. Since typical values of the effective surface tension
coefficient vary between 5 to 50 N/m, we use a approximated
value, i.e., 
=15 N /m.3,7–11,14,28 K1 and K2 are approxi-
mately expressed as functions of the so-called extrapolation

length �, dielectric stiffness coefficient �0, and size-
dependent parameter �, i.e., K1=�1�1 /�0 and K2=�2�2 /�0.7

Other material constants, such as the electrostrictive and
elastic coefficients are well-known.17 According to possible
phases identified by Pertsev et al.,19 we only introduce the
following notation for the different equilibrium phases that
may occur in FNW: �i� the p phase, where P1= P2= P3=0;
�ii� the c phase, where P3�0 and P1= P2=0; �iii� the aa
phase, where P1= P2�0 and P3=0; and �iv� the r phase,
where P1= P2�0 and P3�0.

From the analysis of Eq. �2�, it is known that the phase
transition from the paraelectric state to ferroelectric states is
of the first order in BTO FNWs due to the negative sign of
the coefficients �11 and �12. We only investigate the phase
transitions with temperature cooling-down in following cal-
culations. According to stability analysis,11,17 the phase tran-
sition temperatures of Tc1,2 and Tc3, at which the paraelectric
phase loses its stability with respect to the appearance of
P1= P2 and P3, can be obtained by setting �1

�=0 and �3
�=0.

So the phase transition from the paraelectric state to ferro-
electric states takes place at temperature Tc=max�Tc1,2 ,Tc3�,
here Tc1,2 and Tc3 of FNW with the external applied stress �z
can be given by Tc1,2=Tc0− ��Q11+Q12� /�0��
 /R�
+ �Q12 /�0��z− �K1 /�0R2� and Tc3=Tc0− �2Q12 /�0��
 /R�
+ �Q11 /�0��z− �K2 /�0R2�.

When we predict the boundary between r- and c-phases
or r- and aa-phases, effect of nonzero P3 on instability with
respect to P1,2 or nonzero P1,2 on instability with respect to
P3 must be considered. The equilibrium values of the com-
ponents of the polarization Pi can be determined by minimiz-
ing the free energy function of Eq. �2� with respect to the
polarization. For FNW, the equilibrium phases under differ-
ent radius, temperatures, and external applied stresses can be
determined by minimization of the modified free energy, e.g.,
��G� /�Pi=0.17–20

Firstly, we only consider the free-standing FNW, and
give the S-T phase diagrams as functions of radius. In ab-
sence of the external stress load, i.e., �z=0, it is can be seen
that Q11+Q12 are positive whereas Q12 is negative for BTO
NWs. Tc3 is always higher than Tc1,2, because the surface
tension always enhances the phase transition temperature
Tc3, and on the contrary decreases the phase transition tem-
peratures Tc1,2. Results of Fig. 2 have given the normalized
phase transition temperature Tc /TC

bulk=Tc3 /TC
bulk as function

FIG. 2. �Color online� The S-T phase diagrams of free-standing BTO NW.
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of radius R, TC
bulk=383 K is the phase transition temperature

from the paraelectric state to ferroelectric of BTO bulk.17

When FNWs are in ferroelectric state, it can be seen that the
r-phase dominates and c-phase shrink with the radius in-
creasing, here red cycle line is the boundary of the r-phase
and c-phase. When the radius of FNW is large, i.e.,
R�100 nm, the phase transition temperature Tc is about the
value of bulk material, i.e., Tc�TC

bulk. These reasons are that
the compressive stress due to the surface tension decreases
with the radius increasing, and is very weak for a large radius
FNW.

When the external stress load is incorporated to the total
free energy Eq. �2�, we can develop the S-T phase diagram
controlled by �z. It is known that the compressive stress, i.e.,
�z=−0.3 GPa, will reduce the polarization component along
z direction P3, and enhance the polarizations P1 and P2. Fig-
ure 3�a� shows that influence of the compressive stress on the
S-T phase diagram of BTO NW. Solid blue and red line in
Fig. 3�a� indicate that the phase transition Tc is Tc3 for R

50 nm and Tc1,2 for R�50 nm, respectively, which is dif-
ferent with that in Fig. 2. More importantly, the compressive
stress can induce appearance of the aa-phase, and shift the
c-phase and r-phase as a whole to shrink. On the contrary,
the tensile stress, i.e., �z=0.3 GPa, result in the c-phase to
the high temperature as shown in Fig. 3�b�. The r-phase ob-
viously shrinks also due to effect of the tensile stress. In
addition, we also calculated the S-T phase diagrams for BTO
NW with the larger compressive and tensile stresses. Results
indicate that aa-phase dominates with the compressive stress

increasing, and c-phase dominates and r-phase shrinks with
the tensile stress increasing.

In summary, we developed a thermodynamic model to
investigate effects of the surface tension and external me-
chanical load on the S-T phase diagrams of FNWs. Calcula-
tions show that the phase transition temperatures of FNW are
determined by its radius due to the surface tension and size
effects. More importantly, the S-T phase diagrams can be
controlled by the applied stresses. However, we should note
that these approximated results need more rigorous treatment
by the phase field, effective Hamiltonian or molecular dy-
namic simulations, and experimental confirmations.
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